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Netherlands (e-mail: y.kawano@rug.nl; j.m.a.Scherpen@rug.nl)
Abstract: In this paper, we consider empirical balancing of a nonlinear system by using its
prolonged system, which consists of the original nonlinear system and its variational system.
For the prolonged system, we dene dierential reachability and observability Gramians, which
are matrix valued functions of the state trajectory (i.e. the initial state and input trajectory) of
the original system. The main result of this paper is showing that for a xed state trajectory, it
is possible to compute the values of these Gramians by using impulse and initial state responses
of the variational system. By using the obtained values of the Gramians, balanced truncation is
doable along the xed state trajectory without solving nonlinear partial dierential equations.
An example demonstrates our proposed method to compute a reduced order model along a limit
cycle of a coupled van der Pol oscillator.
Keywords: Nonlinear systems, prolongation, empirical Gramians, balancing
1. INTRODUCTION
Model order reduction problems have been widely stud-
ied because reduced order models are useful for analysis
and controller design. In both linear and nonlinear con-
trol theory, balanced truncation (Antoulas (2005); Zhou
et al. (1996); Scherpen (1993); Fujimoto and Scherpen
(2005); Besselink et al. (2014); Kawano and Scherpen
(2015, 2017)) is known as a traditional model reduction
method. Besides balancing, also moment matching (An-
toulas (2005)) is a well known tool for model reduction.
For nonlinear control systems this method has only been
recently developed, see Astol (2010); Ionescu and Astol
(2016). However, there still remains the problem that solu-
tions to nonlinear PDE (partial dierential equations) are
required for both balanced truncation and moment match-
ing. In the eld of engineering, especially uid mechanics,
POD (proper orthogonal decomposition) (Jollie (2002))
is often used for model reduction of nonlinear dynamical
systems. POD is based on data, i.e., POD does not require
a solution to a PDE. However, theoretical analysis of POD
is not well developed, and this method is proposed only for
noncontrolled systems.
For linear systems, POD and balancing is connected based
on the fact that the controllabilty and observability Grami-
ans can be computed by using impulse and initial re-
sponses, respectively. That is, balanced truncation of linear
systems can be performed by using empirical data. This
empirical method is applicable for nonlinear systems as
demonstrated for mechanical links in Lall et al. (2002).
However, the relationship between impulse and initial re-
sponses of nonlinear systems and nonlinear balancing is
not studied. On the other hand, recently, a connection
between POD and nonlinear controllability functions is
established by Kashima (2016), but the observability func-
tion is not studied.
In this paper, we propose an empirical balancing method
for nonlinear systems with constant input vector elds and
output functions. To this end, we utilize the prolonged
system, which consists of the original nonlinear system and
its variational system. First, we dene two Gramians for
the prolonged system, which we call dierential reacha-
bility and observability Gramians and which depend on
the state trajectory of the original system. In general, it is
not easy to obtain these dierential Gramians as nonlinear
functions of the state trajectory. However, as will be shown
in this paper, for each xed state trajectory, it is possible
to compute the values of these Gramians by using impulse
and initial state responses of the variational system along
this state trajectory. Then, the obtained trajectory-wise
Gramians are constant matrices. By using these Gramians,
we can compute balanced coordinates and thus a reduced
order model in a similar manner as the linear case. A
reduced order model may not give a good approximation
for an arbitrary state trajectory but it does along the xed
state trajectory. In summary, by using our method, model
reduction of a nonlinear control system can be performed
using empirical data.
Similar ideas for model reduction of nonlinear systems are
found in ow balancing (Verriest and Gray (2000, 2004))
and another balancing in Kawano and Scherpen (2017).
For ow balancing, the input is xed for any initial state.
However, in order to compute the Gramians, we need to
solve nonlinear PDEs. Kawano and Scherpen (2017) do not
give a concept of Gramian, and the balanced coordinate
is dened by using solutions to PDEs. Thus, neither ow
balancing nor balancing in Kawano and Scherpen (2017)
is an empirical balancing method.
The remainder of this paper is organized as follows. In
Section 2, we give a review of linear empirical balancing.
In Section 3, we dene dierential reachability and ob-
servability Gramians. By using these Gramians, we dene
a dierentially balanced realization along a trajectory of
system. Next, we show that the values of the dierential
reachability and observability Gramians can be computed
by using impulse and initial state responses of the vari-
ational system. An example for a coupled van der Pol
oscillator illustrates our method. Finally in Section 5, we
conclude the paper.
2. REVIEW OF LINEAR EMPIRICAL BALANCED
TRUNCATION
Our aim is to extend linear empirical balancing to non-
linear systems. To be self contained, we provide a brief
summary of the linear results.
Consider the linear system
_x(t) = Ax(t) +Bu(t);
y(t) = Cx(t);
where x(t) 2 Rn, u(t) 2 Rm, and y(t) 2 Rp. For this












Suppose that the system is asymptotically stable at the
origin, controllable, and observable. Then, these Gramians
are unique positive denite solutions to the Lyapunov
equations. For positive denite controllability and observ-
ability Gramians, there always exists a so-called balanced
coordinate z = Tx such that
T 1GcT T = TTGoT = diagf1; : : : ; ng; i  i+1;
where T 1GcT T and TTGoT are the controllability and
observability Gramians in the z-coordinates, respectively.
See e.g. Antoulas (2005).
As explained above, the balanced coordinates can be ob-
tained by computing the controllability and observability
Gramians, i.e., solving the Lyapunov equations. In fact,
from their denitions, these Gramians can also be com-
puted by using the impulse and initial state responses of
the system. First, the (zero initial state) impulse response
of the linear system is
xImp(t) = e
AtB:







which implies that the controllability Gramian can be
constructed by using the impulse response.
Next, let i(t) be the (zero input) initial state response
with the initial state ei, which is a standard basis, i.e.,
whose ith element is 1, and the other elements are the
zeros. Then, i(t) can be described as
i(t) = CeAtei:






1(t)    n(t) T  1(t)    n(t)  dt:
That is, the observability Gramian can be constructed
by using the initial state responses. From these facts, the
balanced coordinates can be computed from empirical data
without solving the Lyapunov equations.
3. EMPIRICAL DIFFERENTIAL BALANCING
3.1 Dierential Reachability and Observability Gramians
In this paper, we present a nonlinear empirical balancing
method by using the prolonged system, which consists of
the original nonlinear system and its variational system.
First, we dene a nonlinear dierentially balanced real-
ization for the prolonged system, then extend the linear
empirical method to this dierential balancing.
Consider the following nonlinear system with the constant
input vector eld and output function
 :

_x(t) = f(x(t)) +Bu(t);
y(t) = Cx(t);
where x(t) 2 Rn, u(t) 2 Rm, and y(t) 2 Rp; f : Rn ! Rn
is suciently smooth, B 2 Rnm, and C 2 Rpn. Let
't t0(x0; u) denote the state trajectory x(t) of the system
 starting from x(t0) = x0 2 Rn for each choice of
u 2 Lm2 [t0;1).
In our method, we use the prolonged system of the
system , which consists of the original system  and its
variational system d along x(t),
d :
8<:  _x(t) := dx(t)dt = @f(x(t))@x x(t) +Bu(t);y(t) = Cx(t);
where x(t) 2 Rn, u(t) 2 Rm and y(t) 2 Rp. In the time
interval [t0; tf ] such that x(t) exists and is smooth, x(t)
exists for any bounded input u(t) because the variational
system d is a linear time varying system along x(t).
Remark 1. Let x(t; "), u(t; "), and y(t; "), t 2 [t0; tf ] be
a family of input-state-output trajectories of a system
 parametrized in " 2 ( ; ), with x(t; 0) = x(t),
u(t; 0) = u(t), and y(t; 0) = y(t). Then, the innitesimal
variations x(t) = @x(t; ")=", u(t) = @u(t; ")=", and
y(t) = @y(t; ")=" satisfy the system equation for d.
Therefore, the system d is called the variational system
and is used for variational analysis of the trajectory of the
original system . 
To extend the linear empirical method to the variational
system along a given trajectory x(t) of the original system
, rst we consider to compute the solution x(t) of d.
For solution x(t) = 't  (x ; u) of the original system 
starting from x() = x 2 Rn with the input u 2 Lm2 [; t],
we have
ddt





@'t  (x ; u)
@x
: (1)
That is, @'t  (x ; u)=@x is the transition matrix of
@f(x(t))=@x. We also call it the transition matrix of the
variational system d along x(t) = 't  (x ; u), since
the variational system is a linear time-varying system
along trajectory x(t). By using this transition matrix, the
solution x(t) of the variational system d starting from
x(t0) = x0 with input u(t) along x(t) can be described











By using the transition matrix of the variational system
d, we dene the dierential Gramians. Then, by using
these Gramians, we dene a balanced realization.
Denition 2. The dierential reachability Gramian is de-
ned as










for x0 2 Rn and u 2 Lm2 [t0; tf ].
Denition 3. The dierential observability Gramian is de-
ned as










for x0 2 Rn and u 2 Lm2 [t0; tf ].
The existence of these dierential Gramians is not guar-
anteed for arbitrary t0; tf and x(t). However, from their
denitions, if x(t) exists and is smooth in time interval
[t0; tf ], these dierential Gramians exist.
Similar Gramians are found in ow balancing (Verriest and
Gray (2000, 2004)). For ow balancing, the reachability
and observability Gramians are dened on dierent time
intervals, and the input is xed for any initial state. Thus,
the Gramians for ow balancing are dened as functions
of the initial states. In contrast, our dierential Gramians
also depend on the input trajectory in addition to the
initial state.
Remark 4. For a linear time-invariant system, the dier-











These are controllability and observability Gramians on
a nite time interval (Antoulas (2005)). These Gramians
also exist for systems that are not necessarily asymptoti-
cally stable. 
Remark 5. By substituting t = tf + t0   , the dierential
reachability Gramian can be rearranged as










where 'tf  (xf ;F (u)) is the backward trajectory of sys-
tem  starting from x(tf ) = xf with the input F (u) =
u(tf+t0 ) 2 Lm2 [t0; tf ]. This is an extension of the reach-
ability Gramian for linear time-varying systems in Verriest
and Kailath (1983) to nonlinear prolonged systems. The
dierential observability Gramian is an extended concept
of the observability Gramian for linear time-varying sys-
tems as well. 
3.2 Dierentially Balanced Realization along a Fixed State
Trajectory
The dierential reachability and observability Gramians
are functions of x0 and u. If we can obtain these Gramians
as functions of x0 and u, it is possible to construct a
nonlinear balanced coordinate transformation. However,
this is a dicult task. For instance, for ow balancing, we
need to solve nonlinear partial dierential equations. In
this paper, we consider to nd a linear balanced coordinate
transformation along a xed state trajectory 't t0(x0; u).
The obtained reduced order model may not approximate
the original model very well for any state trajectory but it
does at least locally around 't t0(x0; u).
In this paper, we consider the following balanced real-
ization of the dierential reachability and observability
Gramians.
Denition 6. Let the dierential reachability Gramian
GR(t0; tf ; x0; u) 2 Rnn and dierential observability
Gramian GO(t0; tf ; x0; u) 2 Rnn at xed 't t0(x0; u) be
positive denite. A realization of the system  is said to
be a dierentially balanced realization along 't t0(x0; u)
if there exists a constant diagonal matrix
 = diagf1; : : : ; ng;
where 1      n > 0 holds, and GR(t0; tf ; x; u) = 
and GO(t0; tf ; x; u) = .
In a similar manner as for the linear time-invariant case
(Antoulas (2005)), it is possible to show the existence of
a dierentially balanced realization along 't t0(x0; u) if
positive denite dierential reachability and observability
Gramians exist.
Theorem 7. Let the dierential reachability Gramian GR(
t0; tf ; x0; u) 2 Rnn and dierential observability Gramian
GO(t0; tf ; x0; u) 2 Rnn at xed 't t0(x0; u) be positive
denite. Then, there exists a constant matrix T which
achieves
TGR(t0; tf ; x0; u)TT = T TGO(t0; tf ; x0; u)T 1
= := diagf1; : : : ; ng;
where 1      n > 0. Then a dierentially balanced
realization along 't t0(x0; u) is obtained after a coordinate
transformation z = Tx. 
If we can compute the dierential reachability and ob-
servability Gramians along a xed trajectory 't t0(x0; u),
then a dierentially balanced realization along this tra-
jectory is computed by using a linear coordinate trans-
formation. Clearly, this linear coordinate transformation
depends on the trajectory.
The dierentially balanced realization is dened for pos-
itive denite dierential reachability and observability
Gramians. In a specic case when u  0, local accessibil-
ity and observability of the original nonlinear system are
sucient conditions for positive deniteness; See Nijmeijer
and van der Schaft (1990) for the denitions of local strong
accessibility and observability.
Proposition 8. Suppose that the strong accessibility distri-
bution (Nijmeijer and van der Schaft (1990)) of a system 
has a constant dimension. If a system  is locally strongly
accessible, and solution x(t) of  exists for any x0 and
u  0 in a time interval [t0; tf ], then the dierential
reachability Gramian GR(t0; tf ; x0; u) is positive denite
for any x0 and u  0.
Proposition 9. Let u  0 and u  0. Suppose that the
observability codistribution (Nijmeijer and van der Schaft
(1990)) of this system  has a constant dimension. If this
system  is locally observable, and solution x(t) of  exists
for any x0 in a time interval [t0; tf ], then the dierential
observability Gramian GO(t0; tf ; x0; u) is positive denite
for any x0 and u  0.
3.3 Empirical Methods for Dierential Gramians
This section is dedicated to present trajectory-wise com-
putational methods of the dierential Gramians. First, we
show that the dierential reachability Gramian GR(t0; tf ;
x0; u) along a xed trajectory 't t0(x0; u) can be com-





Then, from the denition (3) of the dierential reachability
Gramian GR(t0; tf ; x0; u), we have













B(   t0)d: (6)
From (2), this is the impulse response of d starting from
the initial state xIm(t0) = 0 along a xed trajectory
't t0(x0; u). Therefore, for each x(t0) = x0 2 Rn and
u 2 Lm2 [t0; tf ], the constant matrix GR(t0; tf ; x0; u) 2
Rnn, a trajectory-wise dierential reachability Gramian
is obtained by using the impulse response of d.
Next, we show that dierential observability Gramian





ei; i = 1; : : : ; n; (7)
where ei is the standard basis. This is the initial state re-
sponse of d starting from the initial state x(t0) = ei with
input u = 0 along a xed trajectory 't t0(x0; u). From
the denition (4) of dierential observability Gramian
GO(t0; tf ; x0; u), we have




1(t)    n(t) T
  1(t)    n(t)  dt: (8)
Therefore, the dierential observability GramianGO(t0; tf ;
x0; u) 2 Rnn can be computed trajectory-wise by using
initial state responses of d starting from x(t) = ei for
each x(t0) = x0 2 Rn and u 2 Lm2 [t0; tf ].
4. EXAMPLE
In this example, we consider dierentially balanced trun-
cation of the following coupled van der Pol oscillator along
a limit cycle.
_x1 = x2;
_x2 =  x1   (x21   1)x2 + a(x3   x1) + b(x4   x2) + u;
_x3 = x4;
_x4 =  x3   (x23   1)x4 + a(x1   x3) + b(x2   x4) + u;
y1 = x1;
y2 = x2;
where a = 0:5, b = 0:2, and  = 0:5. The variational
system is
 _x1 = x2;
 _x2 =  (1 + 2x1x2)x1   (x21   1)x2
+a(x3   x1) + b(x4   x2) + u;
 _x3 = x4;
 _x4 =  (1 + 2x3x4)x3   (x23   1)x4;
+a(x1   x3) + b(x2   x4) + u;
y1 = x1;
y2 = x2:












Fig. 1. Output trajectories
Figure 1 shows output trajectories y1 and y2 starting from
x0 := [ 0 1 0 0 ]
T
with zero input. This coupled van der
Pol oscillator has a limit cycle. We consider empirical
dierentially balanced truncation along this limit cycle.
According to Fig. 1, the outputs converge to the limit
cycle after t = 20. Therefore, we compute the empirical
dierential reachability and observability Gramians in the
time interval [20; 50], which are obtained as follows.
GR(20; 50; x0; 0) =
264 10:3 0:00993 10; 3 0:009680:00993 12:9 0; 0102 12:910:3 0:0102 10:3 0:00994
0:00968 12:9 0:00994 12:9
375 ;
GO(20; 50; x0; 0) = 102 
264 197 5:29 194 3:625:29 4:83 8:46 4:72194 8:46 199 7:06
3:62 4:72 7:06 10:3
375 :




8:13 105 0 0 0
0 3:08 104 0 0
0 0 4; 89 10 5 0
0 0 0 1:25 10 5
3775 :
Since 2  3, to give an approximation of the limit cycle,
we compute a two-dimensional reduced order model. The
obtained reduced order model by our empirical method is
_zr;1 = 1:18 10 2zr;1 + 1:02zr;2 + 4:89 10 4z2r;2zr;1
 7:53 10 3z2r;1zr;2   3:13 10 4z3r;1
 7:93 10 6z3r;2   4:58 10 2u;
_zr;2 =  0:979zr;1 + 0:490zr;2 + 1:61 10 2z2r;2zr;1
 0:249z2r;1zr;2   1:03 10 2z3r;1   2:62 10 4z3r;2
 1:41u;
yr;1 =  0:707zr;1   2:29 10 2zr;2;









Fig. 2. Phase portraits of the original system and reduced
order model
Figure 2 shows the phase portraits of the original system
and reduced order model, where the initial state of the
original system is x(0) := [ 0 1 0 0 ]
T
, and the initial state
z(0) of the reduced order model is chosen to coincide
with x(0), and the input is zero. According to Fig. 2, the
reduced order model gives a good approximation of a limit
cycle.
5. CONCLUSION
In this paper, we propose an empirical balancing method
for nonlinear prolonged systems along a xed trajectory.
This method is based on the dierential reachability and
observability Gramians. These Gramians are the functions
of initial state and input trajectory. Based on these Grami-
ans, we dened a dierentially balanced realization to give
a reduced order model around the xed trajectory. The
main result of this paper is showing that this dierentially
balanced realization along a xed state trajectory can be
computed by using impulse and initial state responses of
the variational system along the state trajectory. That is,
we do not need to solve any nonlinear partial dierential
equation in contrast to conventional nonlinear balancing
methods.
Future work includes constructing an empirical method
without the variational system and establishing a connec-
tion between the proposed method and dierential balanc-
ing presented in Kawano and Scherpen (2017). At present,
our method requires the variational system, and its com-
putation is not dicult. However, if systems become large-
scale, we need to make an eort to compute the variational
system. Therefore, an empirical method which is doable
only by using the original system is more useful.
On the other hand, in Kawano and Scherpen (2017), a
dierential balancing is proposed, which is based on con-
traction theory, and thus uses the prolonged system. This
dierential balancing is based on two energy functions, the
so called dierential controllability and observability func-
tions. At present, the relationship between these dier-
ential energy functions and dierential Gramians dened
in this paper is not clear. Clarifying this relationship is a
future work.
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